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1 Introduction 

The interest in the quantum field theory on non-commutative space-time arose long before 
the invention of quantum groups. It was reinvigorated after the Heisenberg relations for 
the coordinates appeared as a special limit in the open string theory of Seiberg-Witten, PQ. 
Later those relations were shown to be invariant under an action of the quantum Poincare 
algebra, which resulted from the classical Poincare algebra through a quantum group twist 
0- 

Twist transformation of the Poincare algebra leads to a deformation of algebraic struc- 
tures on the space-time, such as the function algebra, differential operators etc. In this 
paper we study the behavior of differential operators under this transformation. In general 
mathematical terms, we consider a Hopf algebra T-L, an adjoint module algebra A, and how 
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the latter changes under a twist of "H. Recall that adjoint module algebra is an arbitrary 
algebra admitting a homomorphism Ji — >■ A, which defines an (adjoint) action of ~H on A 
compatible with the multiplication in A. Typical examples come from representations of H: 
one can take for A the image of H, the entire algebra of endomorphisms, or any algebra in 
between. We prove that twist transformation of an adjoint module algebra A is isomorphic 
to A. 

Our interest in the adjoint action is motivated by geometrical applications of quantum 
groups. We regard % as symmetry of the quantum space A, whose geometry also involves 
operators acting on A (like differential operators in the differential setting). In this picture, 
the algebra 7i is a sort of thing that is external to the geometry of the quantum space. 
Indeed, under the twist of % the entire geometry transforms accordingly, see e.g. [21 H], 
while the multiplication in % remains untouched. 

On the other hand, the Hopf algebra "H "participates" in geometry through the repre- 
sentation p: H — ?> End(yl). For example, the d'Alembertian □ = d^d^ on functions on 
the Minkowski space belongs to the (image of) Poincare algebra. Thus, the multiplication 
between the partial derivatives in d^d^ must be deformed in End(*4), but at the same time 
it must remain the same in Ti. This apparent controversy is a cause of certain confusion 
in the literature on the non-commutative gauge field theory (c.f. [HE]). It can be resolved 
in the following way. Instead of "external" object % one should deal with the image p(H). 
Under the twist, the algebra p{T-L) is undergone a deformation, however isomorphic to the 
original algebra H. In the "new coordinates" both comultiplication and multiplication are 
deformed in a compatible way, and the algebra structure in "H is incorporated uniformly into 
the whole picture. 

This point of view helps to avoid the confusion between the deformed and non-deformed 
products, as it allows to get rid of the "external" object ~H and work with the purely geomet- 
rical object p("H). In particular, the noncommutative star product of annihilation operators 
is often interpreted in the physics literature as a change of statistics. In the quantum theory 
A can be identified with the algebra of differential operators on the space-time (or the alge- 
bra of observables) while % is the symmetry (Poincare) algebra. Then the above mentioned 
isomorphism means that one cannot speak about the "change of statistics" under a twist of 
comultiplication of % and the corresponding multiplication in A (see Example 12.21) . 

Here is the setup of the paper. Some facts about Hopf algebras and twists that are 
used in what follows are collected in the next part of Introduction. The second section is 
devoted to adjoint module algebras and their twist transformation. There, we also consider 
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a special case of smash product of a Hopf algebra and its general module algebra. Further 
we apply the general considerations of this section to universal enveloping Lie algebras and 
their generalizations associated with unitary quantum permutations. This is illustrated on 
the example of quantum vector fields in the last section. 

1.1 Triangular Hopf algebras 

For the reader's convenience we collect in this section the basic information on Hopf algebras, 
which will be used further on. Throughout the paper, H is a triangular Hopf algebra over 
C, [S]. That is, H is a complex associative algebra equipped with comultiplication A: Ti — >• 
% <8> H, counit e: W — >■ C, antipode 7: % — > H, and a universal R-matrix 72 G H ® % 
which obeys the identity 72.72-21 = 1 <8> 1 (the subscripts indicate that the second copy of the 
R-matrix has the tensor legs flipped). 

The comultiplication is an algebra homomorphism satisfying the coassociativity condition 
(A <8> id) o A = (id ® A) o A. We shall use the standard symbolic Sweedler notation A(h) = 
(x) for the coproduct of h G H. This notation assumes the suppressed summation 
over decomposable tensors. 

The counit e is an algebra homomorphism, and (e <8> id) o A = id = (id (g) e) o A, under 
the identification C(g>7-^~7^~7^(g)C. 

The antipode is an anti-algebra and anti-coalgebra map. The latter means that (7(817) o 
A = A op o 7, where A op (h) := ® is the opposite comultiplication. The antipode 
satisfies the equalities ^(x^^x^ = e(x) = x^'y{x ( ^ > ). 

The universal R-matrix 71 is an invertible element from % ®H (may be a completed 
tensor product) satisfying the identities [7] 

(A 8) id) (72) = 72i 3 72 23 , (id ® A) (72) = 72i 3 72 12 , 

in H® 3 . Here the subscripts indicate the embeddings of 72 in H® 3 in the standard way. Also, 

72A(/i) = A op (/i)72, 

for all h G H. As H, is assumed to be triangular, 72 2 i = 72 _1 . 

Note that {H, A op , e, 7 _1 , 72 _1 ) is again a triangular Hopf algebra. This makes sense, 
as the antipode 7 is invertible in triangular Hopf algebras. We denote it by 'H op . One 
can also define the triangular Hopf algebra T-L op with the opposite multiplication, the same 
comultiplication and counit, and the inverse antipode and R-matrix. 
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An example of triangular Hopf algebra is a universal enveloping algebra U(g) of a Lie 
algebra q with 

A(£)=£®1 + 1®£, 5(0 = 0, 7 (0 = "£ 

on the elements £ G 0. The universal R- matrix is just 1 ® 1. 

An associative algebra A is called an H-module algebra if it is an H-module and the 
multiplication of A is compatible with the comultiplication of H: 

h>(ab) = {hV>>a)(h®>b), hen, a,b G A. 

In geometrical applications, H acts on a (non-commutative) space, M, and A is the algebra of 
"smooth" functions on M. Observe that for any 'H-module (V, p) the vector space End(^) of 
all linear operators on V is an "H-module algebra with the action h>A := p(h^)Ap(^(hS 2 >)). 

Now we recall the basics of the Hopf algebra twist. Suppose there is an invertible element 
T G H <8> H satisfying the identities [8] 

(A ® id)(JF)JF 12 = (id <g> A) (J) Jba, 

(e ® id)(J") = 1 <g> 1 = (id ® £)(J"). 
Then (H, A, e, 7, 7?.) is again a triangular Hopf algebra with 

A(/i): =J- 1 A(/i)J- 7^): =^- 1 7 (/ i ) ? 9, ^: = J^TUF 

for all h e T-L. The invertible element i9 is defined by the formula below. To distinguish 
this new Hopf algebra from H, we denote it by Iri and call it twist of H via the cocycle T . 
Note that H has the same multiplication and counit as H. 

A twist of H transforms any H-module algebra A to an "H-module algebra A\. As an H- 
module, ^4; coincides with A but has a different multiplication, a*b := ( > a) ( J-2 > b) . This 
multiplication is compatible with the twisted comultiplication in Iri. Thus a twist transforms 
Hopf algebras and their module algebras. To distinguish transformation of module algebras 
from Hopf algebras, we call A x cotwist of A. 

2 Twisting adjoint module algebras 

In the present subsection we consider module algebras of a special type. Suppose T G H®H 
is a twisting cocycle. Define the elements ( G H by setting 

^ = 7(^1)^2, c = ^ 2 " 1 7^ 1 (^r 1 )- (i) 
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It is known, [8], that 



^ = 7(0, r 1 =7 _1 w- 



(2) 



As usual, the subscripts are used to label tensor factors in the symbolic notation J 7 = J 7 !®^. 
The elements ( participate in the antipode 7 of H, which is related to the old antipode 
by the formulas 

7(fc)=r 1 7(ft)tf = 7 (C- 1 hC). (3) 

Also, we have the identities 

® 7(^i (2) )^ 2 = 1 ® 7(^ 2 -1 )^ 7(^i)^ 2 (1) ® ^ (2) = ^r 1 ® jt 1 . (4) 

These formulas can be easily derived from the definition J 7 . 

Now suppose an associative algebra £ admits a homomorphism p: % — > £. The adjoint 
action ad p : H —> End(£) is defined by 

ad p (h)a = p(/i (1) )ap(7(^ (2) )), h £ H, ae£. 

When p is clear from the context, we use for the adjoint action the dot notation ad p (h)a = 
h.a. The adjoint action makes £ an "H-module algebra, which is further called adjoint 
module algebra. We also extend this shorthand notation to the action on maps between any 
^-modules, say (S,ps) and (T,px): 

h.f = p T (hM)fps(j(hW)), 

for /: S — >• T. This will help us to distinguish the action on maps from the actions on S 
and T. 

We are going to show that £ is stable under twist. To simplify the formulas, we shall 
drop the symbol of the homomorphism p, as though % were a subalgebra in £ . 

Theorem 2.1. Let T G / H<S)'H be a twisted cocycle and suppose £ is an adjoint %-module al- 
gebra. Then the cotwist £ x is isomorphic to £ as an associative algebra, with the isomorphism 
£ x — > £ given by the assignment <p: a t— > J r 1 ~ 1 a7(J r 2 ~ 1 ) , i9 = (ad(J-i)a) J-" 2 . 

Proof. Denote the inverse mapping £ — > £ x by (p~ l : a 1— > J-^cr^J-^C) and check that (p~ l is 
an algebra homomorphism. This immediately follows from the identity 

T^Tv ® i^TyQT^Ty ® 7(^2 (2) ^2»C) = Ji ® 1 ® 7(^2C), (5) 
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so let (jSJ) be checked first. Applying the cocycle equation to (A ® A)(J r )J r i 2 we transform 
the left-hand side to 

from which we easily get the expression 

Applying the right formula from (j4]) and the left formula from (j2J), we obtain the right-hand 
side of ©. □ 

Example 2.2. The universal enveloping algebra U(V) of the Poincare Lie algebra V is 
realized in the algebra A of differential operators on the Minkowski space, which is generated 
by the mutually commuting coordinates x^ and constant vector fields id/dx^ representing 
the momenta P v G V . Simple Abelian twist 

T\®Ti'-—T — exp (- V 1 ^ ® P v ) , 6>» = -0"", 

changes the coproduct of U('P) to A(h) = J r ~ 1 A(h)J r , for h G U(7 3 ). The algebra A is an 
adjoint U('P)-module algebra, and after the twist it has the ^-product of A{. 

x a * x p - x? * x a = [x a , x% = i6 aP . 

The homomorphism tp : A x — > A from Theorem 12.11 acts by 

x m- y a m- [Txx a )T 2 = x a + -9 ap Pp G A. 

One can check that the elements y a obey the relations [y a , y 13 ] = i9 a ^ . 

Similar construction can be done for realization of U(V) in the algebra, call it A again, 
generated by the creation and annihilation operators a(p) + ,a(k) of the relativistic scalar 
field. The action of P M on a(p) is P M > a(p) = [Pfj,,a(p)] = — p M a(p) giving the *-product 
a(p) * a(k) = a(k) * a(p) exp(— iO^Pukv). The isomorphism tp: A { —> A results in 

a(p) ^ b(p) := (Jia(p)) T 2 = a(p) exp( V> M ® P v ) G A, 

b{p)b{k) = b(k)b(p) expi^—iO^p^kv). Therefore, A\ is realized in the smash product of the 
original algebra and U('P) by a change of variables. 

The isomorphism tp can be defined in the obvious way for any adjoint module, not only 
for %. We retain for it the same notation, as the domain of tp is always clear from the 
context. The map tp features the following intertwining properties. 
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Proposition 2.3. The isomorphism ip intertwines the adjoint actions ofH and 7i on £. 

Proof. First of all, remark that % and H, coincide as associative algebras and enjoy the same 
homomorphism p to 8. We need to show 

p(h®)(<p(a))p(fth®)) = <p(p(hV)ap(>y(hW)) (6) 

for all h G H and a G £. The twiddled indices on the left-hand side designate the twisted 
coproduct. To simplify the formulas we assume £ = % and p = id. For h G ~H and a G £ we 
find 

= J-f^W/^M^ 1 ^ = <p(p(hW)ap(>y(hVj), 

as required. □ 

It follows from Theorem 12.11 that 

p(h) := pfchryfaQ) = p({F^ .h)F^) = for 1 o p){h) 

defines an algebra homomorphism H — > £ x . Put ad = adp to be the adjoint action of % on 
£ x defined through the homomorphism p: 

ad(/i)a = p(/i (T) )ap(7(/i (T) )), a e £ x , hen, /i (T) ® /i (T) := A(/i). 

The product on the right-hand side is taken with respect to the multiplication in £ x . Thus 
one has two representations, ad and ad, of the same associative algebra % on the vector 
space £. 

Corollary 2.4. The representations ad and ad coincide. 

Proof. Apply the homomorphism y? _1 : £ — >■ £\ to both sides of equality fl6]). □ 

Theorem 12.11 admits the following generalization. Consider the smash product A x % of 
the Hopf algebra H and its module algebra A. The multiplication in A x % is described 
as follows. Both A and % are subalgebras in A x 'H, which is the free right "H- module 
generated by .A. Then the multiplication is determined by the relations ha = (tv-^ > a)h^ 2 \ 
h £ *H, a £ A. The subalgebra *4 is invariant under the adjoint action of H on A X due 
to ad(/i)(a) = h> a, for all /i G % and a G .4.. Now consider a twist 76 H®H and let % 
be the twisted Hopf algebra. Let A x be the corresponding cotwist of the ^-module algebra 
A] it is a module algebra over % with the same action >. 
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Proposition 2.5. The mapping A x x % — > A x T-L, ah (->• (J^ oa)J r 2h is an isomorphism of 
algebras. 

Proof. In particular, we need to check that the assignment a i— > (J r i>a)J r 2 defines an algebra 
homomorphism A x ^> A x\ H. The proof is essentially the same as of Theorem I2.1[ because 
(J-"x > a)J"2 — ad(J r 1 )(a) J-" 2 . We have yet to check that the cross-relations in the smash 
product are preserved. The equality ha = (h^- 1 ' > a)h^ in A l x % goes over to the equality 
> a)J-2 = (J-'ih^ > a)J 7 2/i < ' 2 ' ) in A x The latter equality holds true, as the right- 
hand side is nothing but (h^J^i > a)h^J r 2 (follows directly from the definition of twisted 
coproduct). □ 

Remark that Proposition 12.51 may be also considered as a specialization of Theorem 12.11 
Indeed, the embedding T-L — > AxiH allows to consider AxU as an adjoint %-module algebra. 
The factors A and % are invariant, and the adjoint action restricted to A is simply >. This 
implies that the co twist (i xi H) ( factorizes to the product A{Hi, where l-i x is isomorphic to 
% as an associative algebra. This factorization turns into the smash product ~ A x x % upon 
transition from H x to % (it suffices to check the cross-relations only). On the other hand, 
(A x 'H) l is isomorphic to A x ~H, by Theorem 12. 1[ 

Adjoint module algebras naturally appear in the following situation. Suppose A is an 
"H-module algebra and consider the algebra £ = End(^4) of linear endomorphisms of A. The 
action of T-L on A implies a homomorphism % — > E. If we define the adjoint action of % on 
8 by setting x.A := 1^^7(1^), then the action of £ on A is "H-equivariant (that is, the 
map £ (8) A — > A is a homomorphism of H-modules). Twist of T-L induces a transformation 
of the algebras A and £, as well as of the ^-action on A: 

X*a := {Fx.X^^a), Xe£, a G A. 

The algebra isomorphism (p" 1 : £ — >■ £ x and the transformation of the action compensate 
each other in the following sense: 

<p- 1 (X)*a = Xa 

for all X e £ and a £ A. 

3 %-Lie algebras 

In the present section, we recall braided or Ti-Lie algebras in our terminology, assuming % 
to be triangular. 
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Suppose that TL is triangular and let g be an %-module. Let us call g an T-L-Lie algebra 
if it is equipped with an H-equivariant map [.,.]•&: g <S> g —> g satisfying the braided Jacobi 
identity, [9], 

[£, fa C\n\n = K, »7ta, Ck + [7*2 > ?7, fci > t C]n]n- (7) 
plus the skew symmetry condition 

[R4>£,Ki>v]n = -fa£\ii- 
For example, any associative "H-module algebra B is an H-Lie algebra via the commutator 

[a, b] n := ab - {K 2 > 6)(7^i > a) 

for all a, 6 G i3. The algebra £> is quasi-commutative if and only if this commutator vanishes. 
In general, we shall call an 'H-Lie algebra with zero commutator quasi- Abelian. 

One can naturally define homomorphisms between "H-Lie algebras, which are equivariant 
maps preserving the commutators. 

The quotient of the tensor algebra T(g) by the relations £ <S>rj — (Tl2>rj) ® (Hi>£) — [£, r)]n 
is called universal enveloping algebra of g and denoted by U(g). Since the ideal is invariant, 
the TL- action on T(g) produces an action on U(g). 

Proposition 3.1. Suppose that TL is triangular and let g be an H-Lie algebra. Then the 
smash product U(g) x TL is a triangular Hopf algebra with the universal R-matrix 1Z and the 
comultiplication extended from TL by 

A(£) :=£®i + ft2®fti>£, £eg- (8) 

The counit and antipode when restricted to g are given by = and'y(£) = — (72-2 >£)7li- 



Proof. The formulas for counit and antipode readily follow from the comultiplication, which 
is obviously coassociative. Let us prove that it is a homomorphism. First of all, the comul- 
tiplication respects the cross-relations h£ = {hS 1 ' >£)h^: 

A(/i)A(0 = h (1) £®h {2) + h {1) n 2 ®h {2) TL 1 >£ 

= > 0h {2) ® h {3) + h {1) TZ 2 (8) (/i (2) ^i) > £/i (3) (9) 

= (h^ > 0h {2) ® /i (3) + 7e 2 /i (2) (8) Tlx > > 0^ (3) = A(/i (1) > A(/i (2) ), 
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for all £ £ 0, h £ 7L Further, for any tensor ^®i|6g®gwe write 

A(£?7) = £r) ® 1 + 7e 2 (8) > (£77) + £K 2 ® 72i > 77 + 7e 2 ?7 (8) 72i > f, 

where we put r/®£ = TZ 2 >r]^TZ 1 >^ = $i?7$2®<&3£<&4 for certain $ = $i(g>$ 2 ®$3 ( 8> ( J ) 4 e %® 4 . 
Subtracting A(?y£) from A (£77) we prove the statement, provided that 

n 2 r] eg) {Tlx > = ($ir/$ 2 )^ 2 ® ^1 > ($3^4), 

£72 2 ® (7ii > 7/) = 72 2 ($ 3 £$4) ® fti > ($ir/$ 2 ). 
They are satisfied indeed, because, by the definition of $, 

(A®A^)(7i)=7j 1 T3^ 
Then the first equation holds identically. The second equation is true for triangular 1Z. □ 

There is a natural ^-invariant filtration on U(g), and the corresponding graded algebra 
is the quasi-commutative 72.-symmetric algebra of the module g. Using this filtration, one 
can check that g is precisely the set of quasi-primitive elements in U(g), i.e. the elements 
satisfying the identity (jSj). 

There is a natural action of the Hopf algebra U(g) x % on U(g) making the latter an 
U(fl) * ^-module algebra. Namely, U(g) is invariant under the adjoint action. So, for any 
£ £ g and a £ U(g) one has ad(£)a = [£, a]^. 

Proposition 3.2. Lei J 7 £ 'Hfgi'H be a twisting cocycle. Suppose that g is an %-Lie algebra. 
Then the commutator [ . , . ]^ := [ . , . ]^oJ defines on g a structure of an %-Lie algebra. 

Proof. We need to show that [ . , . ]^ satisfies the Jacobi identity. Denote by r the ordinary 
flip g ® g ->■ g <S> g and write for the mapping [.,[., . kk : g <8> g <8> g ->• g: 

[.,[.,. o A 2 (J") J23 = [[-,. k, • k o A!(J-)jr 12 + [.,[.,. o r 12 o Hx^T)^- 

Here we applied the twist equation and the Jacobi identity to the commutator [ . , The 
first term on the right-hand side is just [[ . , . ]^, . ]^. Using the standard Hopf algebra 
technique, we get 



ri2 o ft^AxOF) Ji 2 = 7-12 o Af (J") ^21^12 = Aip^Jia o r 12 o 72 



12, 



which gives for the second term the expression [.,[., . ]^J^ o n 2 72-12, i.e. the second 
summand in the Jacobi identity. □ 
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We denote by g ; the vector space g together with this T-L-Lie algebra structure. 

Proposition 3.3. The cotwist U(g) ; is isomorphic to U(g ; ), and the isomorphism is extended 
from the identity map g9(H>(6g|. 

Proof. The universal enveloping algebra U(g) is a quotient of the tensor algebra T(g) over 
the ideal J(g) generated by the commutator relations. It is easy to see that the cotwist 
U(g) ; is isomorphic to the quotient of T(g) by the ideal J(g ; ), where g ; is obtained from g 
by rewriting the defining relations in terms of the new multiplication, *. That is, (Ff 1 ^) * 
(F^ 1 > 77) — (Ff 1 72. 2 > v) * (F^ 1 ^ > = [£> ^Irc f° r an £> 77 e 0- As J 7 is invertible, this is 
equivalent to the relations £ * 77 — (7£ 2 > 77) * (Tti > £) = [Fi > £, F 2 > 77]^, as required. 

The isomorphism U(g ; ) — > U(g) ; is induced by a linear endomorphism of the tensor 
algebra T(g). On the homogeneous component of degree k this isomorphism is given by 
£1 (g> . . . <g> & ^ F x (fe) > £i <g> . . . ® Ff ) > where F (fc) e is defined inductively by 
F (1) := 1, F {2) := J 7 , jF™+«) ;= (AN^AWj^^WgjW). This definition is consistent, 
i.e., independent of the partition k = m + n. Thus the isomorphism in question is identical 
on g by construction. □ 

Proposition 3.4. Consider a twisting cocycle F G H <g> "H as i/iai 0/ i/ie i^op/ algebra 
U(g) xi "H. T/zen tne assignment g9(4 (Fi >£)^"2 G U(g) x % defines an isomorphism of 
Hopf algebras 

U(g ; ) x H -+ U(g)Vft (10) 

which is identical on H. 

Proof. It follows from Proposition 12.51 that the assignment ip: £ (->■ (Fi >£)-^2 for all £ G g is 
a restriction of the associative algebra isomorphism U(g) ; x % — >• U(g) x On the other 
hand, the identity mapping g, — > g extends to an H-equivariant isomorphism U(g ; ) — > U(g) ; . 
Therefore the assignment in question extends to an isomorphism of algebras. 

We need to check that the coalgebra structure is preserved by fllOp . That is obvious for 
its restriction to H.. Let as prove that tp is a coalgebra map when restricted to U(g ; ). To 
this end, we calculate A(<^(£)) = F _1 A((Fi >£)F 2 ) F for £ £ g ; . Note that all the products 
and coproducts here are written in terms of U(g) x H. Using the twist identity we get for 

A WO): 

•F^AOFi >£){J$ ) Fv ® F^FsO = F- 1 A((F 1 (1) F r ) >£)(F 1 (2) F 2 , ®F 2 ). 
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Now evaluate A of the element from g and get the sum of two terms, of which the first is 
the product of J 7 " 1 and {{jF^JFv) >£)J\ ® ?2 = Fi{Fv) > ^2' ® T 2 . Thus, the first 
summand is equal to </?(£) <8> 1. The other summand is the product of J-~ l and 

= J^FvKi ® ((-^-^ftl) > = ^1^2 ® ((^-Fl'^l) > ^2 2) )^2' 

= 71^2 g) J C 2 {{J C l>ill)>£)J C 2>- 

Multiplying this by J 7-1 we get 1Z 2 ® y?(fti > for the second summand. Note that the 
dot here is the adjoint action of ft on g, not of ft. Apply to this formula (EJ) where p 
is the embedding H 4 U(g) x W and get TZ 2 <g> TL\ > <p(£)- This proves that ip respects 
comultiplication and when restricted to g ; is therefore a coalgebra map. □ 

Remark 3.5. Let us emphasize that the ft-Lie algebra g ( is rotated from g inside of the 
associative algebra U(g) x ft by means of tp, that is g l = p{g) ■ This readily follows from 
the proof of the above proposition. 

For any triangular Hopf algebra ft denote by Lie (ft) the subset of elements satisfying 
the condition 

A(0 :=£®l + ft 2 ®ft 1 >,e = £®i + n 2 Tl v ® KtCJlv. 

It is easy to check that Lie (ft) is invariant under the adjoint action of ft. Moreover, Lie (ft) 
is an ft-Lie algebra under the 7£-commutator, hence there exists an algebra homomorphism 
U(Lie (ft)) — > ft. This homomorphism also extends to a Hopf algebra homomorphism 
U (Lie (ft)) x ft ^ft. 

Proposition 3.6. Put g = Lie (ft) and denote by g ; the cotwist of g by a cocycle T € ft®ft. 
Then Lie (ft) ~ g x . 

Proof. Denote by g the Lie algebra Lie (ft). Apply the chain of Hopf algebra homomorphisms 

U(g ; ) x ft -> U(fl7>Tft -+ ft 

to g t and find that p(g t ) C g, see Remark 13.51 On the other hand, twist is invertible and the 
role of (p for the inverse twist belongs to . Hence we can do the same with ft replaced 
by ft and get the inverse inclusion <^ _1 (g ; ) C g. This implies the statement, because g ; is 
isomorphic to g as a vector space. □ 
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Proposition 3.7. Suppose that TL is generated by Lie (TL) as an associative algebra. Then 
TL is generated by Lie (TL). 

Proof. Denote q = Lie (TL). It is sufficient to consider the case when TL = U($j). Put 
A := TL and consider it as the adjoint module algebra over TL. Since A = U(q), one has 
A = U(fl); ~ U(g ( ), by Proposition 13.31 and Lie (TL) ~ $j, by Proposition 13.61 But A is 
isomorphic to .4, by Proposition 12. II □ 

Note that the Lie algebras q } and q are related as subsets of TL by the isomorphism </?: 
Qi — fid) i cf- Remark l3~5l 

Suppose that TL is a classical universal enveloping algebra U(g). Given a twist of TL, the 
associative algebra TL is isomorphic to U($j ; ). The elements of $j; form a Lie algebra over TL, 
and ; is linked to g by the transformation <p. In other words, there is a set of generators for 
UQj), such that the twisted comultiplication is given by A(0 = f ® 1 + ^f 1 ^ (8) Tl^ 1 ^, 
where TZ = . 

4 Twisted vector fields 

In this section we consider an important example of quantum Lie algebras formed by " quan- 
tum vector fields" , [TU] . As before, we assume that TL is a triangular Hopf algebra and A is 
a left ^-module algebra. 

Definition 4.1. An element X e End (^4) is called a first order differential operator if 
X(ab) = (Xa)b + (K 2 Tl^ a^ll^K^b) = (Xa)b + (n 2 a)(nx.Xb). 

The subset of first order differential operators is denoted by Der^(^4). Following the 
geometric analogy, we shall also call elements of Der^(^4) vector fields, thinking of A as the 
function algebra on a quantum space. If A is quasi- commutative, then Der^(yl) is a natural 
^4-sub module in the left module End (A). Clearly the A- action on Der%(^4) is "%-equivariant. 

We can introduce a "comultiplication" on vector fields as a map 

A: Der H (A) -> Dei H (A) x TL <g> Dei H (A), A:l4l®l+K 2 ® Tl x .X. 

This allows to use same technique to prove facts about Der n (A) as we did in the previous 
section for TL-Lie algebras. 

Proposition 4.2. The set Der^(^4) is TL-invariant. 
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Proof. Same as the proof of (Q. □ 

If the algebra A is quasi-commutative, Der%(4.) is a left 4-module regarded as a subal- 
gebra of End (.4.) by left multiplication. 

Now consider the cotwist of A, and also of £ := End (.4). The new action of £ x on 4.; is 
expressed through the old action and the homomorphism tp by X * a = T\.XT 2 a = tp(X)a. 

Proposition 4.3. Der^(4. ; ) = Der^(4.) as subsets in £. 

Proof. Suppose X G Der%(4.). We need to show that 

X * (a * b) = (X * a) * b + (TZ 2 a) * ((K^X) * b) 

for all a, b G A. Applying to the left-hand side the same steps as in the proof of Proposition 
13.41 we arrive at the expression (X * a) * b + (7?. 2 a) * ((Ji^ij.XJ^^)- The dot in the 
second term involves the coproduct H. The intertwining formula allows to write it as 
(^TZi'a) * (iZi.X * llyb), i.e. to interpret the dot trough the new coproduct. □ 

The following statement asserts that the subset Der^(4.) C End (A) is a subalgebra of 
the commutator H-Lie algebra End (4.). 

Proposition 4.4. For any X,Y G Ber n (A), the operator [X,Y] n = XY - (K 2 .Y){Ki.X) 
belongs to Der%(4.). 

Proof. Same as the proof of Proposition 13.11 □ 

Thus, the H- module g = Der^(4.) is an "H-Lie algebra. The action of q on A extends 
to an action of the universal enveloping algebra U($j), which together with the action of H 
makes A a module algebra over U(g) x H. The representation H — > End (4.) induces an 
H-Lie algebra homomorphism Lie (H) — > Der%(4.). 

Further we give examples of H-Lie algebras naturally arising in geometrical applications 
and, in particular, in gauge field theory on non- commutative space-time. 

Example 4.5. Let H be a triangular Hopf algebra and A be a quasi-commutative H-module 
algebra. Suppose that q is an H-Lie algebra. Denote by A ix g the H-module 4.®g equipped 
with the bilinear operation 

[a <8> f , 6 <8> vh ■= a(K 2 > b) ® [Jit > £, r)] n , (11) 

where a, b G A and £, r\ G 0. 
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Proposition 4.6. The H-module A ix g is an %-Lie algebra. 

Proof. Denote by the A tx U(g) the associative algebra with the underlining vector space 
*4.(g>g and the multiplication (a<S>£)(6(8>?7) := a(TZ 2 >b)®(7li>£)r]. This is the so called braided 
tensor product of A and U(g) and is a module algebra over %. The vector space *4 tx g is 
a "% -submodule in A tx U(g). Let us prove that the commutator "%-Lie algebra restricts to 
A ix g and coincides with the pre-defined %-Lie algebra structure on A IX g. That is obvious 
for the %-Lie subalgebra gcixg and follows from the very construction. Further, every 
element (eg 7^-commutes with every element b G A C A IX U(g), hence the commutator 
of £ and o ® 77 has the desired form. By assumption, the algebra A is quasi-commutative. 
From this we conclude that derivations of A ix U(g) form a left A-module (in this particular 
case even two-sided module). Hence the commutator of a <S> £ and 6 <S> 77 is given by ( ITT]) . □ 

The algebra A ix g is an A-bimodule and the commutator is a bimodule map. The 
left action comes from the regular ^.-action on itself, while the right action is defined by 
(a (8) £)b = alZ 2 > b (g) > £. Geometrically, such Lie algebras are modeled by vector bundles 
whose fiber is an "%-Lie algebra, say, of the gauge group. 

Example 4.7. The previous example is a special case of the following construction. Suppose 
that an %-Lie algebra g acts on a quasi- commutative %-module algebra A. That means that 
there is a ("%-equivariant) homomorphism g — > Der-^( v 4). Regard the tensor product A ® g 
as the natural left ^l-module and identify g with 1 ®g C A®Q. There is a unique extension 
of the %-Lie algebra structure from g to A <8> g satisfying 

[£, = + ft 2 /[^i£, Ve, 77 e ^ ® g, V/ e A 

This Lie algebra may be regarded as that of local transformations, as opposed to the global 
transformations by g. The loop algebra from the previous example is obtained from this by 
taking the zero action of g on A. 

Acknowledgements 

This research is supported in part by the RFBR grant 09-01-00504. 

References 

[1] Seiberg N., Witten E.: String theory and non- commutative geometry, JHEP 9909, 032 
(1999). 



15 



[2] Chaichian M., Kulish P., Nishijima K. and Tureanu A.: On a Lorentz - invariant inter- 
pretation of noncommutative space-time and its implication on noncommutative QFT, 
Phys. Lett. B604 (2004) 98-102. 

[3] Kulish P. and Mudrov A.: Twist-related geometries on q-Minkowsky space, Proc. Steklov 
Inst. Math. 226 (1999) 97-111. 

[4] Kulish P.: Twist of quantum groups and noncommutative field theory, Contem. math. 
391 (2005) 213-221. 

[5] Chaichian M. and Tureanu A.: Twist symmetry and gauge invariance, Phys. Lett. B637 
(2006) 199-202. 

[6] Aschieri P., Dimitrievic M., Mayer F., Schraml S., Wess J.: Twisted gauge theories, Lett. 
Math. Phys. 78 (2006) 61-71. 

[7] Drinfeld V.: Quantum Groups, in Proc. Int. Congress of Mathematicians, Berkeley, 1986, 
ed. A. V. Gleason, AMS, Providence (1987) 798-820. 

[8] Drinfel'd V.: Quasi-Hopf Algebras, Leningrad Math. J. 1 (1990) 1419-1457 [Alg. Anal. 
1, No 6 (1989) 114-148]. 

[9] Gurevich D., The Yang-Baxter equations and a generalization of formal Lie theory, Sov. 
Math. Dok. 33 (1986), 758-762. 

[10] Woronowicz S. L.: Differential calculus on compact matrix pseudogroups (quantum 
groups), Commun. Math. Phys. 122 (1989) 125-170. 



16 



